
　 　　　

A ∈ Rm×n, b ∈ Rm, c ∈ Rn, Q ∈ Rn×n

Q

QP1

Ax = b

x ∈ Rn
+

z = c′x− 1

2
x′Qx

x′ x Rn
+ Rn

A = m, b ∈ Rm
+

x ∈ Rn
+ x � 0

λ ∈ Rm, μ ∈ Rn
+

L(x, λ, μ) = c′x− 1

2
x′Qx+ λ′(b−Ax) + μ′x

∇L(x, λ, μ) = c−Qx−A′λ+ μ = 0

Ax = b

μ′x = 0

49



μ = Qx+A′λ− c

x′μ = x′Qx+ λ′Ax− c′x = 0

Ax = b
x′Qx = c′x− b′λ

z = c′x− 1

2
x′Qx =

1

2
c′x+

1

2
b′λ

Q

z

x ∈ Rn
+, μ ∈ Rn

+, λ ∈ Rm

Ax = b

Qx+A′λ− μ = c

x′μ = 0

x, μ i xi, μi

i = 1, 2, . . . , n xiμi = 0 xi μi xi

QP2

Ax � b

z = c′x− 1

2
x′Qx

b ∈ Rm

s ∈ Rm
+ , λ ∈ Rm

+

Ax+ s = b

Qx+A′λ = c

s′λ = 0

QP1 QP2

Ax � b, −Ax � −b, −Ix � 0

I 0 0 QP2

QP1

x = x+ − x− (x+ � 0, x− � 0, (x+)′x− = 0)
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s � 0

Ax+ −Ax− + s = b

b D

DAx+ −DAx− +Ds = |b|

b b 1

−1 |b| b

QP1

DQP1

Qx+A′λ− c ∈ Rn
+

x ∈ Rn
+, λ ∈ Rm

z = b′λ+
1

2
x′Qx

DQP1 QP1 QP1 DQP1

Q

x, λ

QP1 λ ∈ Rn

λ = λ+ − λ− (λ+ � 0, λ− � 0, (λ+)′λ− = 0)

z =
1

2
c′x+

1

2
b′λ+ − 1

2
b′λ−

v ∈ Rm
+ , w ∈ Rn

+ c D

Ax+ v = b

DQx+DA′λ+ −DA′λ− +Dμ+ w = |c|

V = 1′v

W = 1′w

51２次計画法の解説



x, λ 1 1

V + 1′Ax = 1′b

W + d′Qx+ d′A′λ+ − d′A′λ− − d′μ = 1′|c|

d = D1 ∈ Rn c

x μ λ+ λ− b

v A O O O b

w DQ −D DA′ −DA′ |c|
z − 1

2c
′ 0′ − 1

2b
′ 1

2b
′ 0

W d′Q −d′ d′A′ −d′A′ 1′|c|
V 1′A 0′ 0′ 0′ 1′b

λ+ λ−

−1
0 λ+ λ

V

W

Q

Q θ � 0

Qx+A′λ− μ = θc

θ = 0 θ

λ+, λ−

QP3

Ax � b

x ∈ Rn
+

z = c′x− 1

2
x′Qx

s ∈ Rm
+

Ax+ s = b,
(
A I

)(x
s

)
= b
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z =
(
c′ 0′

)(x
s

)
− 1

2

(
x′ s′

)⎛⎝Q O

O O

⎞
⎠(

x
s

)

c D μ =

(
μ1

μ2

)
∈ Rn+m, w =

(
w1

w2

)
∈ Rn+m

Ax+ s+ v = b

DQx+DA′λ+ −DA′λ− −Dμ1 + w1 = |c|
λ+ − λ− − μ2 + w2 = 0

x s μ1 μ2 λ+ λ− b

v A I O O O O b

w1 DQ O −D O DA′ −DA′ |c|
w2 O O O −I I −I 0

z − 1
2c

′ 0′ 0′ 0′ − 1
2b

′ 1
2b

′ 0

W d′Q 0′ −d′ −1′ d′A′ + 1′ −d′A′ − 1′ 1′|c|
V 1′A 1′ 0′ 0′ 0′ 0′ 1′b

v s w2 λ+

x μ1 μ2 λ− b

s A O O O b

w1 DQ −D DA′ O |c|
λ+ O O −I −I 0

z − 1
2c

′ 0′ − 1
2b

′ 0′ 0

W d′Q −d′ d′A′ 0′ 1′|c|
V 0′ 0′ 0′ 0′ 0

λ+ V λ− μ1 μ μ2 λ w1 w

x μ λ b

s A O O b

w DQ −D DA′ |c|
z − 1

2c
′ 0′ − 1

2b
′ 0

W d′Q −d′ d′A′ 1′|c|
x′μ = 0, λ′s = 0

z =
1

2
c′x+

1

2
b′λ

53２次計画法の解説



QP4

Ax � b

x ∈ Rn
+

z = c′x− 1

2
x′Qx

s ∈ Rm
+

Ax− s = b,
(
A −I

)(x
s

)
= b

Ax− s+ v = b

DQx+DA′λ+ −DA′λ− −Dμ1 + w1 = |c|
−λ+ + λ− − μ2 + w2 = 0

x s μ1 μ2 λ+ λ− b

v A −I O O O O b

w1 DQ O −D O DA′ −DA′ |c|
w2 O O O −I −I I 0

z − 1
2c

′ 0′ 0′ 0′ − 1
2b

′ 1
2b

′ 0

W d′Q 0′ −d′ −1′ d′A′ − 1′ −d′A′ + 1′ 1′|c|
V 1′A −1′ 0′ 0′ 0′ 0′ 1′b

w2 λ−

x s μ1 μ2 λ+ b

v A −I O O O b

w1 DQ O −D DA′ O |c|
λ− O O O −I −I 0

z − 1
2c

′ 0′ 0′ 1
2b

′ 0′ 0

W d′Q 0′ −d′ d′A′ 0′ 1′|c|
V 1′A −1′ 0′ 0′ 0′ 1′b

λ− λ+ μ1 μ μ2 λ w1 w
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x s μ λ b

v A −I O O b

w DQ O −D DA′ |c|
z − 1

2c
′ 0′ 0′ 1

2b
′ 0

W d′Q 0′ −d′ d′A′ 1′|c|
V 1′A −1′ 0′ 0′ 1′b

x′μ = 0, λ′s = 0

z =
1

2
c′x− 1

2
b′λ

x1 + 2x2 = 1

x1 � 0, x2 � 0

z = 3x1 + 4x2 − 2x2
1 − x1x2 − x2

2

L(x, λ, μ) = 3x1 + 4x2 − 2x2
1 − x1x2 − x2

2 + λ(x1 + 2x2 − 1) + μ1x1 + μ2x2

∇L(x, λ, μ) =

(
3− 4x1 − x2 − λ+ μ1

4− x1 − 2x2 − 2λ+ μ2

)
= 0

x1 + 2x2 = 1

x1μ1 = 0, x2μ2 = 0

x1 � 0, μ1 � 0, x2 � 0, μ2 � 0

z =
3

2
x1 + 2x2 +

1

2
λ

λ = λ+ − λ− (λ+ � 0, λ− � 0)

x1 + 2x2 + v = 1

4x1 + x2 + λ+ − λ− − μ1 + w1 = 3

x1 + 2x2 + 2λ+ − 2λ− − μ2 + w2 = 4

V = v

W = w1 + w2

V, W v,w1, w2

V + x1 + 2x2 = 1

W + 5x1 + 3x2 + 3λ+ − 3λ− − μ1 − μ2 = 7

55２次計画法の解説



x1 x2 μ1 μ2 λ+ λ− b

v 1 2 0 0 0 0 1

w1 4 1 −1 0 1 −1 3

w2 1 2 0 −1 2 −2 4

z − 3
2 −2 0 0 − 1

2
1
2 0

W 5 3 −1 −1 3 −3 7

V 1 2 0 0 0 0 1

x1 μ1 μ2 λ+ λ− b

x2
1
2 0 0 0 0 1

2

w1
7
2 −1 0 1 −1 5

2

w2 0 0 −1 2 −2 3

z − 1
2 0 0 − 1

2
1
2 1

W 7
2 −1 −1 3 −3 11

2

V 0 0 0 0 0 0

μ1 μ2 λ+ λ− b

x2
1
7 0 − 1

7
1
7

1
7

x1 − 2
7 0 2

7 − 2
7

5
7

w2 0 −1 2 −2 3

z − 1
7 0 − 5

14
5
14

19
14

W 0 −1 2 −2 3

μ1 μ2 λ− b

x2
1
7 − 1

14 0 5
14

x1 − 2
7

1
7 0 2

7

λ+ 0 − 1
2 −1 3

2

z − 1
7 − 5

28 0 53
28

W 0 0 0 0

x1 = 2
7 , x2 = 5

14 z = 53
28
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x1 + 4x2 � 4

x1 + x2 � 2

x1 � 0, x2 � 0

z = 2x1 + 3x2 − x2
1 − x2

2

L(x, λ, μ) = 2x1 + 3x2 − x2
1 − x2

2 + λ1(4− x1 − 4x2) + λ2(2− x1 − x2)

+ μ1x1 + μ2x2

∇L(x, λ, μ) =

(
2− 2x1 − λ1 − λ2 + μ1

3− 2x2 − 4λ1 − λ2 + μ2

)
= 0

λ1(4− x1 − 4x2) = 0

λ1 � 0, x1 + 4x2 � 4

λ2(2− x1 − x2) = 0

λ2 � 0, x1 + x2 � 2

μ1x1 = 0, μ2x2 = 0

μ1 � 0, x1 � 0, μ2 � 0, x2 � 0

x1 + 4x2 + s1 = 4

x1 + x2 + s2 = 2

λ1s1 = 0, λ2s2 = 0, μ1x1 = 0, μ2x2 = 0

z = x1 +
3

2
x2 + 2λ1 + λ2

w1, w2

x1+4x2 + s1 = 4

x1+x2 + s2 = 2

2x1+λ1 + λ2 − μ1 + w1 = 2

2x2+4λ1 + λ2 − μ2 + w2 = 3

W =w1 + w2

57２次計画法の解説



W + 2x1 + 2x2 + 5λ1 + 2λ2 − μ1 − μ2 = 5

x1 x2 λ1 λ2 μ1 μ2 b

s1 1 4 0 0 0 0 4

s2 1 1 0 0 0 0 2

w1 2 0 1 1 −1 0 2

w2 0 2 4 1 0 −1 3

z −1 − 3
2 −2 −1 0 0 0

W 2 2 5 2 −1 −1 5

W λ1 λ1 s1

x1

x2 λ1 λ2 μ1 μ2 b

s1 4 − 1
2 − 1

2
1
2 0 3

s2 1 − 1
2 − 1

2
1
2 0 1

x1 0 1
2

1
2 − 1

2 0 1

w2 2 4 1 0 −1 3

z − 3
2 − 3

2 − 1
2 − 1

2 0 1

W 2 4 1 0 −1 3

λ1 x2

s1 λ1 λ2 μ1 μ2 b

x2
1
4 − 1

8 − 1
8

1
8 0 3

4

s2 − 1
4 − 3

8 − 3
8

3
8 0 1

4

x1 0 1
2

1
2 − 1

2 0 1

w2 − 1
2

17
4

5
4 − 1

4 −1 3
2

z 3
8 − 27

16 − 11
16 − 5

16 0 17
8

W − 1
2

17
4

5
4 − 1

4 −1 3
2

s1 λ2 μ1 μ2 b

x2
4
17 − 3

34
2
17 − 1

34
27
34

s2 − 5
17 − 9

34 − 6
17 − 3

34
13
34

x1
1
17

6
17 − 8

17
2
17

14
17

λ1 − 2
17

5
17 − 1

17 − 4
17

6
17

z 3
17 − 13

68 − 7
17 − 27

68
185
68

W 0 0 0 0 0
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x1 = 14
17 , x2 = 27

34 z = 185
68

x1 + x2 � 4

x1 + 2x2 � 6

x1 � 0, x2 � 0

z = −4x1 + 2x2 − x2
1 − x2

2

L(x, λ, μ) = −4x1 + 2x2 − x2
1 − x2

2 + λ1(x1 + x2 − 4) + λ2(x1 + 2x2 − 6)

+ μ1x1 + μ2x2

∇L(x, λ, μ) =

(
−4− 2x1 + λ1 + λ2 + μ1

2− 2x2 + λ1 + 2λ2 + μ2

)
= 0

λ1(x1 + x2 − 4) = 0

λ1 � 0, x1 + x2 � 4

λ2(x1 + 2x2 − 6) = 0

λ2 � 0, x1 + 2x2 � 6

μ1x1 = 0, μ2x2 = 0

μ1 � 0, x1 � 0, μ2 � 0, x2 � 0

x1 + x2 − s1 = 4

x1 + 2x2 − s2 = 6

λ1s1 = 0, λ2s2 = 0, μ1x1 = 0, μ2x2 = 0

z = −2x1 + x2 − 2λ1 − 3λ2

x1+x2 − s1 + v1 = 4

x1+2x2 − s2 + v2 = 6

−2x1+λ1 + λ2 + μ1 + w1 = 4

2x2−λ1 − 2λ2 − μ2 + w2 = 2

V =v1 + v2

W =w1 + w2

59２次計画法の解説



V + 2x1 + 3x2 − s1 − s2 = 10

W − 2x1 + 2x2 − λ2 + μ1 − μ2 = 6

x1 x2 s1 s2 λ1 λ2 μ1 μ2 b

v1 1 1 −1 0 0 0 0 0 4

v2 1 2 0 −1 0 0 0 0 6

w1 −2 0 0 0 1 1 1 0 4

w2 0 2 0 0 −1 −2 0 −1 2

z 2 −1 0 0 2 3 0 0 0

W −2 2 0 0 0 −1 1 −1 6

V 2 3 −1 −1 0 0 0 0 10

x1 s1 s2 λ1 λ2 μ1 μ2 b

v1 1 −1 0 1
2 1 0 1

2 3

v2 1 0 −1 1 2 0 1 4

w1 −2 0 0 1 1 1 0 4

x2 0 0 0 − 1
2 −1 0 − 1

2 1

z 2 0 0 3
2 2 0 − 1

2 1

W −2 0 0 1 1 1 0 4

V 2 −1 −1 3
2 3 0 3

2 7

x1 s1 s2 λ1 μ1 μ2 b

v1
1
2 −1 1

2 0 0 0 1

λ2
1
2 0 − 1

2
1
2 0 1

2 2

w1 − 5
2 0 1

2
1
2 1 − 1

2 2

x2
1
2 0 − 1

2 0 0 0 3

z 1 0 1 1
2 0 − 3

2 −3
W − 5

2 0 1
2

1
2 1 − 1

2 2

V 1
2 −1 1

2 0 0 0 1
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s1 s2 λ1 μ1 μ2 b

x1 −2 1 0 0 0 2

λ2 1 −1 1
2 0 1

2 1

w1 −5 3 1
2 1 − 1

2 7

x2 1 −1 0 0 0 2

z 2 0 1
2 0 − 3

2 −5
W −5 3 1

2 1 − 1
2 7

V 0 0 0 0 0 0

s2, μ1 λ1

s1 s2 λ2 μ1 μ2 b

x1 −2 1 0 0 0 2

λ1 2 −2 2 0 1 2

w1 −6 4 −1 1 −1 6

x2 1 −1 0 0 0 2

z 1 1 −1 0 −2 −6
W −6 4 −1 1 −1 6

s1 λ2 μ1 μ2 b

x1 − 1
2

1
4 − 1

4
1
4

1
2

λ1 −1 3
2

1
2

1
2 5

s2 − 3
2 − 1

4
1
4 − 1

4
3
2

x2 − 1
2 − 1

4
1
4 − 1

4
7
2

z 5
2 − 3

4 − 1
4 − 7

4 − 15
2

W 0 0 0 0 0

x1 = 1
2 , x2 = 7

2 z = − 15
2

QP1

u =

(
x

μ

)
, u† =

(
μ′ x′

)

u†u = 2x′μ

61２次計画法の解説



u†u = 0 u† x, μ

U = u†u

x, μ u0 k uk

Uk = u†
ku

u†
kuk > u†

ku(1) > u†
ku(2) > · · · > u†

ku(h)

u(h)†u(h) = 0

u†
ku(h) � 1

2u
†
kuk

u(h)

u(h) uk+1

u(h)− uk α

α =

{
u†
k(uk − u(h))

(u(h)− uk)†(u(h)− uk)
, 1

}

uk+1 = uk + α(u(h)− uk)

α = 1 uk+1 = u(h) u(h)

3.2

x1 x2 λ1 λ2 μ1 μ2 b

s1 1 4 0 0 0 0 4

s2 1 1 0 0 0 0 2

w1 2 0 1 1 −1 0 2

w2 0 2 4 1 0 −1 3

z −1 − 3
2 −2 −1 0 0 0

W 2 2 5 2 −1 −1 5

x1 x2 λ2 μ1 μ2 b

s1 1 4 0 0 0 4

s2 1 1 0 0 0 2

w1 2 − 1
2

3
4 −1 1

4
5
4

λ1 0 1
2

1
4 0 − 1

4
3
4

z −1 − 1
2 − 1

2 0 − 1
2

3
2

W 2 − 1
2

3
4 −1 1

4
5
4
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x2 λ2 μ1 μ2 b

s1
17
4 − 3

8
1
2 − 1

8
27
8

s2
5
4 − 3

8 − 1
2 − 1

8
11
8

x1 − 1
4

3
8 − 1

2
1
8

5
8

λ1
1
2

1
4 0 − 1

4
3
4

z − 3
4 − 1

8 − 1
2 − 3

8
17
8

W 0 0 0 0 0

λ1s1 = 81
32 �= 0

u0 =
(
x1 x2 s1 s2 μ1 μ2 λ1 λ2

)′
=

(
5
8 0 27

8
11
8 0 0 3

4 0
)′

U0 = u†
0u =

3

4
s1 +

5

8
μ1 +

27

8
λ1 +

11

8
λ2

W

s1 λ1

s1, λ1

U0 +
39

8
x2 − 13

16
λ2 − 1

4
μ1 − 15

16
μ2 =

81

16

x2 λ2 μ1 μ2 b

s1
17
4 − 3

8
1
2 − 1

8
27
8

s2
5
4 − 3

8 − 1
2 − 1

8
11
8

x1 − 1
4

3
8 − 1

2
1
8

5
8

λ1
1
2

1
4 0 − 1

4
3
4

z − 3
4 − 1

8 − 1
2 − 3

8
17
8

U0
39
8 − 13

16 − 1
4 − 15

16
81
16

s1 x1

s1 λ2 μ1 μ2 b

x2
4
17 − 3

34
2
17 − 1

34
27
34

s2 − 5
17 − 9

34
6
17 − 3

34
13
34

x1
1
17

6
17 − 8

17
2
17

14
17

λ1 − 2
17

5
17 − 1

17 − 4
17

6
17

z 3
17 − 13

68 − 7
17 − 27

68
185
68

U0 − 39
34 − 13

34 − 14
17 − 27

34
81
68

x1 = 14
17 , x2 = 27

34 z = 185
68

63２次計画法の解説



U0 0

3.3

s1 s2 λ1 μ1 μ2 b

x1 −2 1 0 0 0 2

λ2 1 −1 1
2 0 1

2 1

w1 −5 3 1
2 1 − 1

2 7

x2 1 −1 0 0 0 2

z 2 0 1
2 0 − 3

2 −5
W −5 3 1

2 1 − 1
2 7

W s2

s1 x1 λ1 μ1 μ2 b

s2 −2 1 0 0 0 2

λ2 −1 1 1
2 0 1

2 3

w1 1 −3 1
2 1 − 1

2 1

x2 −1 1 0 0 0 4

z 2 0 1
2 0 − 3

2 −5
W 1 −3 1

2 1 − 1
2 1

s1 x1 λ1 μ2 b

s2 −2 1 0 0 2

λ2 −1 1 1
2

1
2 3

μ1 1 −3 1
2 − 1

2 1

x2 −1 1 0 0 4

z 2 0 1
2 − 3

2 −5
W 0 0 0 0 0

s2λ2 = 6 �= 0

u0 =
(
x1 x2 s1 s2 μ1 μ2 λ1 λ2

)′
=

(
0 4 0 2 1 0 0 3

)′
u†
0u0 = 12

U0 = u†
0u = x1 + 3s2 + 4μ2 + 2λ2

W

s2, λ2

U0 + 4x1 − 8s1 − 3μ2 + λ1 = 12
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s1 x1 λ1 μ2 b

s2 −2 1 0 0 2

λ2 −1 1 1
2

1
2 3

μ1 1 −3 1
2 − 1

2 1

x2 −1 1 0 0 4

z 2 0 1
2 − 3

2 −5
U0 −8 4 1 −3 12

x1

s1 s2 λ1 μ2 b

x1 −2 1 0 0 2

λ2 −1 1 1
2

1
2 1

μ1 −5 3 1
2 − 1

2 7

x2 1 −1 0 0 2

z 2 0 1
2 − 3

2 −5
U0 0 −4 1 −3 4

u(1) =
(
x1 x2 s1 s2 μ1 μ2 λ1 λ2

)′
=

(
2 2 0 0 7 0 0 1

)′
u1

(u(1)− u0)
†(u(1)− u0) = 32, u†

0(u0 − u(1)) = 8

α = 1
4

u1 =
(

1
2

7
2 0 3

2
5
2 0 0 5

2

)′

U1 = u†
1u =

5

2
x1 +

5

2
s2 +

1

2
μ1 +

7

2
μ2 +

3

2
λ2

U0

x1, μ1, λ2

U1 − 6s1 − 3μ2 + λ1 = 10

s1 s2 λ1 μ2 b

x1 −2 1 0 0 2

λ2 −1 1 1
2

1
2 1

μ1 −5 3 1
2 − 1

2 7

x2 1 −1 0 0 2

z 2 0 1
2 − 3

2 −5
U1 −6 0 1 −3 10

65２次計画法の解説



s1 s2 λ2 μ2 b

x1 −2 1 0 0 2

λ1 2 −2 2 1 2

μ1 −6 4 −1 −1 6

x2 1 −1 0 0 2

z 1 1 −1 −2 −6
U1 − 13

2
1
2 − 1

2 − 7
2

19
2

s1 μ1 λ2 μ2 b

x1 − 1
2 − 1

4
1
4

1
4

1
2

λ1 −1 1
2

3
2

1
2 5

s2 − 3
2

1
4 − 1

4 − 1
4

7
2

x2 − 1
2

1
4 − 1

4 − 1
4

7
2

z 5
2 − 1

4 − 3
4 − 7

4 − 15
2

U1 − 23
4 − 1

8 − 3
8 − 27

8
35
4

x1 = 1
2 , x2 = 7

2 z = − 15
2

QP1 λ

μ−Qx−A′λ+ +A′λ− = −c

x λ+ λ− b

v A O O b

μ −Q −A′ A′ −c
z − 1

2c
′ − 1

2b
′ 1

2b
′ 0

V 1′A 0′ 0′ 1′b

V Ax = b

μ

−c μ
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μs μs

xs b÷ xs

μs

μs xs

μs xs

xs μs

xi

μi

xi

b÷ xi

3.2

x1+4x2 + s1 = 4

x1+x2 + s2 = 2

−2x1−λ1 − λ2 + μ1 = −2
−2x2−4λ1 − λ2 + μ2 = −3

V

x1 x2 λ1 λ2 b

s1 1 4 0 0 4

s2 1 1 0 0 2

μ1 −2 0 −1 −1 −2
μ2 0 −2 −4 −1 −3
z −1 − 3

2 −2 −1 0

x1μ1 = 0, x2μ2 = 0, λ1s1 = 0, λ2s2 = 0

μ2 μ2 x2

b ÷ x2 s1 s1

s1 x2

67２次計画法の解説



x1 s1 λ1 λ2 b

x2
1
4

1
4 0 0 1

s2
3
4 − 1

4 0 0 1

μ1 −2 0 −1 −1 −2
μ2

1
2

1
2 −4 −1 −1

z − 5
8

3
8 −2 −1 3

2

x2 μ2 x2μ2 = −1 �= 0

μ2

s1 λ1

μ2 b −1 λ1 λ1 b÷ λ1

μ2 μ2 λ1

x1 s1 μ2 λ2 b

x2
1
4

1
4 0 0 1

s2
3
4 − 1

4 0 0 1

μ1 − 17
8 − 1

8 − 1
4 − 3

4 − 7
4

λ1 − 1
8 − 1

8 − 1
4

1
4

1
4

z − 7
8

1
8 − 1

2 − 1
2 2

μ1 μ1 x1

b÷ x1 μ1 x1 μ1

μ1 s1 μ2 λ2 b

x2
2
17

4
17 − 1

34 − 3
34

27
34

s2
6
17 − 5

17 − 3
34 − 9

34
13
34

x1 − 8
17

1
17

2
17

6
17

14
17

λ1 − 1
17 − 2

17 − 4
17

5
17

6
17

z − 7
17

3
17 − 27

68 − 13
68

185
68

x1 = 14
17 , x2 = 27

34 z = 185
68

3.3

x1+x2 − s1 + v1 = 4

x1+2x2 − s2 + v2 = 6

−2x1+λ1 + λ2 + μ1 = 4

−2x2+λ1 + 2λ2 + μ2 = −2
V =v1 + v2
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V + 2x1 + 3x2 − s1 − s2 = 10

x1 x2 s1 s2 λ1 λ2 b

v1 1 −1 −1 0 0 0 4

v2 1 2 0 −1 0 0 6

μ1 −2 0 0 0 1 1 4

μ2 0 −2 0 0 1 2 −2
z 2 −1 0 0 2 3 0

V 2 3 −1 −1 0 0 10

x1μ1 = 0, x2μ2 = 0, λ1s1 = 0, λ2s2 = 0

V

x1 μ2 s1 s2 λ1 λ2 b

v1 1 1
2 −1 0 1

2 1 3

v2 1 1 0 −1 1 2 4

μ1 −2 0 0 0 1 1 4

x2 0 − 1
2 0 0 − 1

2 −1 1

z 2 − 1
2 0 0 3

2 2 1

V 2 3
2 −1 −1 3

2 3 7

x1 μ2 s1 s2 λ1 b

v1
1
2 0 −1 1

2 0 1

λ2
1
2

1
2 0 − 1

2
1
2 2

μ1 − 5
2 − 1

2 0 1
2

1
2 2

x2
1
2 0 0 − 1

2 0 3

z 1 − 3
2 0 1 1

2 −3
V 1

2 0 −1 1
2 0 1

μ2 s1 s2 λ1 b

x1 0 −2 1 0 2

λ2
1
2 1 −1 1

2 1

μ1 − 1
2 −5 3 1

2 7

x2 0 1 −1 0 2

z − 3
2 2 0 1

2 −5
V 0 0 0 0 0

x1, μ1

69２次計画法の解説



x1

μ1

s1 λ1 μ1 b 7 λ1

λ1

b ÷ λ1 λ2 λ1 λ2

μ2 s1 s2 λ2 b

x1 0 −2 1 0 2

λ1 1 2 −2 2 2

μ1 −1 −6 4 −1 6

x2 0 1 −1 0 2

z −2 1 1 −1 −6
μ1

s2 λ2 s2 b÷ s2

μ1 μ1 s2

μ2 s1 μ1 λ2 b

x1
1
4 − 1

2 − 1
4

1
4

1
2

λ1
1
2 −1 1

2
3
2 5

s2 − 1
4 − 3

2
1
4 − 1

4
3
2

x2 − 1
4 − 1

2
1
4 − 1

4
7
2

z − 7
4

5
2 − 1

4 − 3
4 − 15

2

x1 = 1
2 , x2 = 7

2 z = − 15
2

3.3

x1 + x2 � 4

x1 + 2x2 � 6

x1 � 0, x2 � 0

z = 4x1 + 2x2 − x2
1 − x2

2
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x1 x2 s1 s2 λ1 λ2 b

v1 1 1 −1 0 0 0 4

v2 1 2 0 −1 0 0 6

μ1 −2 0 0 0 1 1 −4
μ2 0 −2 0 0 1 2 −2
z −2 −1 0 0 2 3 0

V 2 3 −1 −1 0 0 10

μ2 s1 s2 λ1 b

x1 0 −2 1 0 2

λ2
1
2 1 −1 1

2 1

μ1 − 1
2 −5 3 1

2 −1
x2 0 1 −1 0 2

z − 3
2 −6 4 1

2 3

V 0 0 0 0 0

μ1

s1 λ1 μ1 b −1
s1 s1

μ2 μ1 s2 λ1 b

x1
1
5 − 2

5 − 1
5 − 1

5
12
5

λ2
2
5

1
5 − 2

5
3
5

4
5

s1
1
10 − 1

5 − 3
5 − 1

10
1
5

x2 − 1
10

1
5 − 2

5
1
10

9
5

z − 9
10 − 6

5
2
5 − 1

10
21
5

x1 = 12
5 , x2 = 9

5 z = 21
5

QP1 DQP1

x λ+ λ− b

v A O O b

μ −Q −A′ A′ −c
z − 1

2c
′ − 1

2b
′ 1

2b
′ 0

v ∈ Rm
+ λ+, λ− ∈ Rm

+ i

vi, λ+
i , λ−

i vi λ+
i , λ−

i vi

71２次計画法の解説



−c
μ μs

μs xs

b÷ xs μs

μs xs

μs

xs

vi

vi vi

λ+
i λ−

i

Qx+ A′λ− c ∈ Rn
+

DQP1

vs vs λ+
s λ−

s

μs

3.1

x1 x2 λ+ λ− b

v 1 2 0 0 1

μ1 −4 −1 −1 1 −3
μ2 −1 −2 −2 2 −4
z − 3

2 −2 − 1
2

1
2 0

μ2 μ2 x2

b÷ x2 v v x2

x1 λ+ λ− b

x2
1
2 0 0 1

2

μ1 − 7
2 −1 1 − 5

2

μ2 0 −2 2 −3
z − 1

2 − 1
2

1
2 1

v v

λ+, λ− μ2

λ+ λ+ b ÷ λ+

μ2 μ2 λ+
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x1 μ2 λ− b

x2
1
2 0 0 1

2

μ1 − 7
2 − 1

2 0 −1
λ+ 0 − 1

2 −1 3
2

z − 1
2 − 1

4 0 7
4

μ1 μ1 x1 b÷ x1

μ1 μ1 x1

μ1 μ2 λ− b

x2
1
7 − 1

14 0 5
14

x1 − 2
7

1
7 0 2

7

λ+ 0 − 1
2 −1 3

2

z − 1
7 − 5

28 0 53
28

x1 = 2
7 , x2 = 5

14 z = 53
28

3.2 3.3 3.3

v s

x μ λ b

s −A O O −b
w DQ −D DA′ |c|
z − 1

2c
′ 0′ 1

2b
′ 0

W d′Q −d′ d′A′ 1′|c|
V 0′ 0′ 0′ 0

μ

x λ b

s −A O −b
μ −Q −A′ −c
z − 1

2c
′ 1

2b
′ 0

μ

−b s λ

73２次計画法の解説



3.3

−x1 − x2 + s1 = −4
−x1 − x2 + s2 = −6
−2x1 + λ1 + λ2 + μ1 = 4

−2x2 + λ1 + 2λ2 + μ2 = −2

z = −2x1 + x2 − 2λ1 − 3λ2

x1 x2 λ1 λ2 b

s1 −1 −1 0 0 −4
s2 −1 −2 0 0 −6
μ1 −2 0 1 1 4

μ2 0 −2 1 2 −2
z 2 −1 2 3 0

μ2 μ2 x2

b÷ μ2 μ2 x2

x1 μ2 λ1 λ2 b

s1 −1 − 1
2 − 1

2 −1 −3
s2 −1 −1 −1 −2 −4
μ1 −2 0 1 1 4

x2 0 − 1
2 − 1

2 −1 1

z 2 − 1
2

3
2 2 1

s2 s2 λ2

s2 λ2

x1 μ2 λ1 s2 b

s1 − 1
2 0 0 − 1

2 −1
λ2

1
2

1
2

1
2 − 1

2 2

μ1 − 5
2 − 1

2
1
2

1
2 2

x2
1
2 0 0 − 1

2 3

z 1 − 3
2

1
2 1 −3

s1 μ1
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s1 μ2 λ1 s2 b

x1 −2 0 0 1 2

λ2 1 1
2

1
2 −1 1

μ1 −5 − 1
2

1
2 3 7

x2 1 0 0 −1 2

z 2 − 3
2

1
2 0 −5

x1 μ1 μ1

s1 λ1 λ1

b÷ λ1 λ2 λ1 λ2

s1 μ2 λ2 s2 b

x1 −2 0 0 1 2

λ1 2 1 2 −2 2

μ1 −6 −1 −1 4 6

x2 1 0 0 −1 2

z 1 −2 −1 1 −6
s2 λ2 s2 s2 μ1

s1 μ2 λ2 μ1 b

x1 − 1
2

1
4

1
4 − 1

4
1
2

λ1 −1 1
2

3
2

1
2 5

s2 − 3
2 − 1

4 − 1
4

1
4

7
2

x2 − 1
2 − 1

4 − 1
4

1
4

7
2

z 5
2 − 7

4 − 3
4 − 1

4 − 15
2

x1 = 1
2 , x2 = 7

2 z = − 15
2

x ∈ Rn, c ∈ Rn, Q ∈ Rn×n

f(x) = c′x− 1

2
x′Qx

75２次計画法の解説



x = y0 + Y y (y0 ∈ Rm, y ∈ Rm, Y ∈ Rn×m)

f(y) = f(y0) + (c−Qy0)
′Y y − 1

2
y′(Y ′QY )y

QP1 A = m A

A =
(
B R

)
(B m , R ∈ Rn×(n−m))

x =

(
xB

xR

)
, c =

(
cB
cR

)
, Q =

(
QB Q1

Q′
1 QR

)

xB ∈ Rm, xR ∈ Rn−m Ax = b

(
B R

)(xB

xR

)
= b, BxB +RxR = b

B
xB = B−1b−B−1RxR

xR = 0 xB = B−1b xB > 0 x

xB xR

y0 = B−1b, Y = B−1R

x =

(
xB

xR

)
=

(
y0
0

)
+

(
−Y
I

)
xR

f(xR) = f0 + α′xR − 1

2
x′
RGxR

f0 = f

((
y0
0

))

α =
(
−Y ′ I

)(QB cB

Q′
1 cR

)(−y0
1

)

G =
(
−Y ′ I

)(QB Q1

Q′
1 QR

)(
−Y
I

)

f xR xR ∇Rf

∇Rf(xR) =
(
−Y ′ I

){(
QB cB

Q′
1 cR

)(−y0
1

)
−
(
QB Q1

Q′
1 QR

)(
−Y
I

)
xR

}

∇Rf(xR) ∂R x
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xR b

xB Y y0

∂R G α

xB ∈ Rm
+ , xR ∈ Rn−m

+ , ∂R ∈ Rn−m i xBi, xRi, ∂Ri

∂Ri =
∂f(xR)

∂xRi

∂Ri xRi

α � 0 f(xR) xR = 0

0 xR 0

i αi > 0 xRi 0 f(xR)

xRi

xB xRi ∂Ri b÷ xRi

xB xBs xRi xBs

∂Ri

xRi ∂Ri ∂Ri

ui ui ∈ R ui = u+
i − u−

i (u+
i � 0, u−

i � 0)

5.1

x1 + x2 − s1 + v1 = 4

x1 + 2x2 − s2 + v2 = 6

V = v1 + v2

x1 x2 s1 s2 b

v1 1 1 −1 0 4

v2 1 2 0 −1 6

∂x1
2 0 0 0 4

∂x2
0 2 0 0 2

∂s1 0 0 0 0 0

∂s2 0 0 0 0 0

V 2 3 −1 −1 10

x1, x2, s1, s2

77２次計画法の解説



x1 s1 s2 b

v1
1
2 −1 1

2 1

x2
1
2 0 − 1

2 3

2 0 0 4

0 2 0 −4
0 0 0 0

0 0 0 0

V 1
2 −1 1

2 1

s1 s2 b

x1 −2 1 2

x2 1 −1 2

4 −2 0

−2 2 −2
0 0 0

0 0 0

V 0 0 0

V

x1, x2 s1, s2

y0 =

(
2

2

)
, Y =

(−2 1

1 −1
)

(
−Y ′ I

)
=

(
−2 1

1 −1
1 0

0 1

)

s1 s2 b

x1 −2 1 2

x2 1 −1 2

∂s1 10 −6 2

∂s2 −6 4 −2

α =

(
2

−2
)
, G =

(
10 −6
−6 4

)

∂s1 b 2

b÷ ∂s1 ∂s1 s1 = 1
5

s1 ∂s1 ∂s1 u1
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u1 s2 b

x1
1
5 − 1

5
12
5

x2 − 1
10 − 2

5
9
5

s1
1
10 − 3

5
1
5

∂s2
3
5

2
5 − 4

5

s1 +
1

10
u1 − 3

5
s2 =

1

5

u1 = u+
1 − u−

1

s1 +
1

10
u+
1 −

1

10
u−
1 −

3

5
s2 =

1

5

u+
1 u−

1 s2 b

x1
1
5 − 1

5 − 1
5

12
5

x2 − 1
10

1
10 − 2

5
9
5

1
10 − 1

10 − 3
5

1
5

3
5 − 3

5
2
5 − 4

5

s1, s2 u+
1 , u−

1 , s2

(
s1
s2

)
=

(
1
5

0

)
+

(
− 1

10
1
10

3
5

0 0 1

)⎛
⎜⎝u+

1

u−
1

s2

⎞
⎟⎠

y0 =

(
1
5

0

)
, Y =

(
− 1

10
1
10

3
5

0 0 1

)

α−Gy0 =

(
2

2

)
−

(
10 −6
−6 4

)
=

(
0

− 4
5

)

GY =

(
10 −6
−6 4

)(− 1
10

1
10

3
5

0 0 1

)
=

(
−1 1 0
3
5 − 3

5
2
5

)

u+
1 u−

1 s2 b

x1
1
5 − 1

5 − 1
5

12
5

x2 − 1
10

1
10 − 2

5
9
5

−1 1 0 0
3
5 − 3

5
2
5 − 4

5
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Y ′

u+
1 u−

1 s2 b

x1
1
5 − 1

5 − 1
5

12
5

x2 − 1
10

1
10 − 2

5
9
5

∂u+
1

1
10 − 1

10 0 0

∂u−1
− 1

10
1
10 0 0

∂s2 0 0 2
5 − 4

5

∂u+
1
, ∂u−1

, ∂s2 0

x1 = 12
5 , x2 = 9

5 z = 21
5

QP2 Q

Q

x = Q−1(c−A′λ) (= x(λ) )

s = AQA′λ+ b−AQ−1c (= s(λ) )

s i si si = 0 si > 0

x(λ) si < 0 x(λ)

λ = 0 x(0) = Q−1c z

S S z xS

xS V (xS) S = ∅ x∅ = x(0)

S = ∅ V (x∅)

xS QP2

x∗ S∗

V (x∅) �= ∅ x∗ V (x∅)

S ⊂ S∗, S �= S∗ xS S∗ \ S
h ∈ S xS\{h} h S = S∗

V (x∅) = ∅ x(0) QP2 V (x∅) �= ∅
V (x∅) S xS V (xS) = ∅ xS x∗

V (xS) �= ∅ V (x∅)

V (x∅)
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xS V (xS) S

S xS xS

5.1 QP2

−x1 − x2 � −4
−x1 − 2x2 � −6
−x1 � 0

−x2 � 0

A =

⎛
⎜⎜⎝
−1 −1
−1 −2
−1 0

0 −1

⎞
⎟⎟⎠, b =

⎛
⎜⎜⎝
−4
−6
0

0

⎞
⎟⎟⎠

x(λ) =

⎛
⎝ 2 + λ1+λ2+λ3

2

1 + λ1+2λ2+λ3

2

⎞
⎠

s(λ) =
1

2

⎛
⎜⎜⎝
2 3 1 1

3 5 1 2

1 1 1 0

1 2 0 1

⎞
⎟⎟⎠
⎛
⎜⎜⎜⎝
λ1

λ2

λ3

λ4

⎞
⎟⎟⎟⎠−

⎛
⎜⎜⎝

1

2

−2
−1

⎞
⎟⎟⎠

S = ∅ λ = 0

x(0) =

(
2

1

)
, s(0) =

⎛
⎜⎜⎝
−1
−2
2

1

⎞
⎟⎟⎠

x(0)

V (x∅) = { , }
S = {x1 + x2 = 4} xS

F (x, λ1) = 4x1 + 2x2 − x2
1 − x2

2 + λ1(x1 + x2 − 4)

xS =

⎛
⎝ 5

2

5
4

⎞
⎠, λ1 = 1

s

⎛
⎜⎜⎝
⎛
⎜⎜⎝
1

0

0

0

⎞
⎟⎟⎠
⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

0

− 1
2

5
2

3
2

⎞
⎟⎟⎟⎟⎠
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xS V (x∅) = { } λ1

xS = x(λ) xS xS

xS

S = {x1 + 2x2 = 6} xS

F (x, λ2) = 4x1 + 2x2 − x2
1 − x2

2 + λ2(x1 + 2x2 − 6)

xS =

⎛
⎝ 12

5

9
5

⎞
⎠, λ2 =

4

5

s

⎛
⎜⎜⎜⎝
⎛
⎜⎜⎜⎝
0
4
5

0

0

⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

1
5

0
12
5

9
5

⎞
⎟⎟⎟⎟⎠

xS V (xS) = ∅ xS

S {x1 + 2x2 = 6} x∅

x1 = 12
5 , x2 = 9

5 z = 21
5 x1 = 12

5 , x2 = 9
5

z = 21
5

QP4

Ax � b

1′x � β∗

x ∈ Rn
+

z = c′x− 1

2
x′Qx

b ∈ Rm
+ , β∗ > 0 Q b ∈ Rm

+

Q 5.1
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β∗ β � 0

QP5

Ax � b

1′x = β

x ∈ Rn
+

z = c′x− 1

2
x′Qx

x(β) β = 0

QP4 β β = 0 QP5 x = 0

xB xR x =

(
xB

xR

)

Q =

(
QB Q1

Q′
1 QR

)
, 1 =

(
1B
1R

)
, c =

(
cB
cR

)
, A =

(
B R

)

Ax � b

A =

(
BA RA

BI RI

)
, b =

(
bA
bI

)

Ax � b

BAxB +RAxR = bA

BIxB +RIxR < bI

QP5

L(x, λ, μ, ξ) = c′x− 1

2
x′Qx+ λ′(b−Ax) + μ′x+ ξ(β − 1′x)

∇L(x, λ, μ, ξ) = c−Qx−A′λ+ μ− ξ1 = 0

λ′(b−Ax) = 0

μ′x = 0

1′x = β

λ �0, μ � 0, ξ ∈ R

83２次計画法の解説



λ =

(
λA

λI

)
, μ =

(
μB

μR

)

∇L(x, λ, μ, ξ) =

(
cB
cR

)
−

(
QB Q1

Q′
1 QR

)(
xB

xR

)
−

(
B′

A B′
I

R′
A R′

I

)(
λA

λI

)
+

(
μB

μR

)

− ξ

(
1B
1R

)
= 0

μB = 0, λI = 0

cB −QBxB −B′
AλA − ξ1B = 0

cR −Q′
1xB −R′

AλA + μR − ξ1R = 0

sI � 0 xR = 0

BAxB = bA

BIxB + sI = bI

1′x = β 1′BxB = β

QBxB +B′
AλA + ξ1B = cB

BAxB = bA

1′BxB = β

μR = Q′
1xB +R′

AλA + ξ1R − cR

sI = bI −BIxB

⎛
⎜⎝QB B′

A 1B

BA 0 0

1′B 0 0

⎞
⎟⎠
⎛
⎝xB

λA

ξ

⎞
⎠ =

⎛
⎝cB
bA
β

⎞
⎠

G G G−1

⎛
⎝xB

λA

ξ

⎞
⎠ =

⎛
⎜⎝kB
kA
kξ

⎞
⎟⎠β +

⎛
⎜⎝�B
�A
�ξ

⎞
⎟⎠

μR = kRβ + �R

sI = kIβ + �I

G

xB , λA, ξ, μR, sI β kB

xB β 0

xB 0 β βB kA, kξ, kR, kI

0 β βA, βξ, βR, βI

β̂ = {βB , βA, βξ, βR, βI , β
∗}
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β̂ = β∗ x(β∗) QP4 β̂ = βξ

x(βξ) QP4

z =
1

2
c′BxB +

1

2
b′AλA +

1

2
β̂ξ

β̂ = βB 0 xB β̂ = βA

0 λA β̂ = βR 0 xR

β̂ = βI 0 λI

5.1 QP5

− x1 − x2 + 5x3 � 1

− x1 − 2x2 + 7x3 � 1

x3 � 1

x1 � 0, x2 � 0, x3 � 0

z = 4x1 + 2x2 +Mx3 − x2
1 − x2

2 − x2
3

M z x3

x3 = 1 x3 = 1 5.1

5.1

β∗

− x1 − x2 + 5x3 � 1

− x1 − 2x2 + 7x3 � 1

x3 � 1

x1 + x2 + x3 = β

x1 � 0, x2 � 0, x3 � 0

z = 4x1 + 2x2 +Mx3 − x2
1 − x2

2 − x2
3

L(x, λ, μ, ξ) = 4x1 + 2x2 +Mx3 − x2
1 − x2

2 − x2
3 + λ1(1 + x1 + x2 − 5x3)

+ λ2(1 + x1 + 2x2 − 7x3) + λ3(1− x3)

+ μ1x1 + μ2x2 + μ3x3 + ξ(β − x1 − x2 − x3)
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−x1 − x2 + 5x3 + s1 = 1

−x1 − 2x2 + 7x3 + s2 = 1

x3 + s3 = 1

2x1 − λ1 − λ2 − μ1 + ξ = 4

2x2 − λ1 − 2λ2 − μ2 + ξ = 2

2x3 + 5λ1 + 7λ2 − μ3 + ξ = M

λ1s1 = 0, λ2s2 = 0, λ3s3 = 0

μ1x1 = 0, μ2x2 = 0, μ3x3 = 0

x1 + x2 + x3 = β

λ1 �0, λ2 � 0, λ3 � 0, μ1 � 0, μ2 � 0, μ3 � 0, ξ ∈ R

x1 = 0, x2 = 0, x3 = 0 x3

xB = {x3}, xR = {x1, x2}
(
2 1

1 0

)(
x3

ξ

)
=

(
M

β

)

x3 = β, ξ = M − 2β ξ = 0 βξ = M
2 μR

μR =

(
μ1

μ2

)
=

(
2x1 − λ1 − λ2 + ξ − 4

2x2 − λ1 − 2λ2 + ξ − 2

)
=

(
M − 4− 2β

M − 2− 2β

)

βR = M−4
2 sI

sI =

⎛
⎝s1
s2
s3

⎞
⎠ =

⎛
⎝ 1 + x1 + x2 − 5x3

1 + x1 + 2x2 − 7x3

1− x3

⎞
⎠ =

⎛
⎜⎝1− 5β

1− 7β

1− β

⎞
⎟⎠

βI = 1
7

β̂ = {βξ, βR, βI} = 1

7

β̂ = βI λ2

⎛
⎝2 7 1

7 0 0

1 0 0

⎞
⎠
⎛
⎝x3

λ2

ξ

⎞
⎠ =

⎛
⎜⎝M

1

β

⎞
⎟⎠
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x1 ⎛
⎜⎜⎝
2 0 7 1

0 2 −1 1

7 −1 0 0

1 1 0 0

⎞
⎟⎟⎠
⎛
⎜⎜⎝
x3

x1

λ2

ξ

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝
M

4

1

β

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎝
x3

x1

λ2

ξ

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

1
8 + 1

8β

− 1
8 + 7

8β

M
8 − 9

16 + 3
16β

M
8 + 59

16 − 25
16β

⎞
⎟⎟⎟⎟⎟⎠

βξ = 2M+59
25 μR

μR =
(
μ2

)
=

(
−M

8 + 45
16 − 31

16β
)

M μ2 < 0 sI

sI =

(
s1
s3

)
=

⎛
⎝ 1

4 + 1
4β

7
8 − 1

8β

⎞
⎠

βI = 7

β̂ = {βξ, βI} = 7

λ3⎛
⎜⎜⎜⎜⎜⎝

2 0 7 1 1

0 2 −1 0 1

7 −1 0 0 0

1 0 0 0 0

1 1 0 0 0

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
x3

x1

λ2

λ3

ξ

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

M

4

1

1

β

⎞
⎟⎟⎟⎟⎟⎠

x2

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 0 0 7 1 1

0 2 0 −1 0 1

0 0 2 −2 0 1

7 −1 −2 0 0 0

1 0 0 0 0 0

1 1 1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

x3

x1

x2

λ2

λ3

ξ

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

M

4

2

1

1

β

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

x3

x1

x2

λ2

λ3

ξ

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

−8 + 2β

7− β

32− 6β

M − 278 + 52β

52− 10β

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
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βξ = 26
5 xB = {x1, x2, x3} β x2 0

βB = 7 λA = {λ2, λ3} β λ2 0

βA = 16
3

sI =
(
s1
)
=

(
M − 6β

)
βI = M

6

β̂ = {βB , βA, βξ, βI} = 26

5

β̂ = βξ β = β̂

x1 = 12
5 , x2 = 9

5 , x3 = 1

x1 = 12
5 , x2 = 9

5 z = 21
5 x1 = 12

5 , x2 = 9
5

z = 21
5

QP2

⎛
⎜⎝ Q −Q A′

−Q Q −A′

−A A O

⎞
⎟⎠
⎛
⎜⎝x+

x−

λ

⎞
⎟⎠−

⎛
⎝0

0
s

⎞
⎠ =

⎛
⎝ c
−c
−b

⎞
⎠,

(
(x+)′ (x−)′ λ′

)⎛⎝0

0
s

⎞
⎠ = 0

M ∈ Rn×n, q ∈ Rn x ∈ Rn
+, y ∈ Rn

+

Mx− y = q, x′y = 0

x ∈ Rn
+, y ∈ Rn

+

M

Q

M = AQA′, q = AQ−1c− b

Mλ− s = q, λ′s = 0

Q M
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M

M x(0) = 0 y(0) = −q
k x(k) x(k+1), y(k+1)

0 � � � n

x
(k+1,�)
i =

{
x
(k+1)
i (1 � i � �)

x
(k)
i (�+ 1 � i � n)

x(k+1,0) = x(k), x(k+1,n) = x(k+1) ei i 1

φ� = e′�(q −Mx(k+1,�−1))

r(k+1) =
(
φ1 φ2 · · · φn

)′

x(k+1) =

{
0, x(k) +

(
1

m11
, . . . ,

1

mnn

)
r(k+1)

}
y(k+1) = −r(k+1) + (m11, . . . ,mnn)(x

(k+1) − x(k))

x(k), y(k) x, y

5.1

M =
1

2

⎛
⎜⎜⎝
2 3 1 1

3 5 1 2

1 1 1 0

1 2 0 1

⎞
⎟⎟⎠, q =

⎛
⎜⎜⎝

1

2

−2
−1

⎞
⎟⎟⎠

M 0

λ ∈ R4
+

x(λ) =

⎛
⎝ 2 + λ1+λ2+λ3

2

1 + λ1+2λ2+λ3

2

⎞
⎠

Gλ− y = h, G = 2M, y = 2s, h = 2q

2λ1 + 3λ2 + λ3 + λ4 − y1 = 2

3λ1 + 5λ2 + λ3 + 2λ4 − y2 = 4

λ1 + λ2 + λ3 − y3 = −4
λ1 + 2λ2 + λ4 − y4 = −2

λ1y1 = 0, λ2y2 = 0, λ3y3 = 0, λ4y4 = 0

λ3(λ1 + λ2 + λ3 + 4) = 0

λ4(λ1 + 2λ2 + λ4 + 2) = 0

89２次計画法の解説



λ3 = 0, λ4 = 0

2λ1 + 3λ2 − y1 = 2

3λ1 + 5λ2 − y2 = 4

λ1y1 = 0, λ2y2 = 0

G =

(
2 3

3 5

)
, h =

(
2

4

)
, λ =

(
λ1

λ2

)
, y =

(
y1
y2

)

G λ(0) = 0

r
(1)
1 = h1 − 2λ

(0)
1 − 3λ

(0)
2 = 2

λ
(1)
1 =

{
0, λ

(0)
1 +

1

2
r
(1)
1

}
= 1

r
(1)
2 = h2 − 3λ

(1)
1 − 5λ

(0)
2 = 1

λ
(1)
2 =

{
0, λ

(0)
2 +

1

5
r
(1)
2

}
=

1

5

y
(1)
1 = −r(1)1 + 2(λ

(1)
1 − λ

(0)
1 ) = 0

y
(1)
2 = −r(1)2 + 5(λ

(1)
2 − λ

(0)
2 ) = 0

λ(1) =

(
1
1
5

)
, y(1) =

(
0

0

)

r
(2)
1 = h1 − 2λ

(1)
1 − 3λ

(1)
2 = −3

5

λ
(2)
1 =

{
0, λ

(1)
1 +

1

2
r
(2)
1

}
= 0

r
(2)
2 = h2 − 3λ

(2)
1 − 5λ

(1)
2 = 3

λ
(2)
2 =

{
0, λ

(1)
2 +

1

5
r
(2)
2

}
=

4

5

y
(2)
1 = −r(2)1 + 2(λ

(2)
1 − λ

(1)
1 ) = −7

5

y
(2)
2 = −r(2)2 + 5(λ

(2)
2 − λ

(1)
2 ) = 0

λ(2) =

(
0
4
5

)
, y(2) =

(
− 7

5

0

)
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r
(3)
1 = h1 − 2λ

(2)
1 − 3λ

(2)
2 = −2

5

λ
(3)
1 =

{
0, λ

(2)
1 +

1

2
r
(3)
1

}
= 0

r
(3)
2 = h2 − 3λ

(3)
1 − 5λ

(2)
2 = 0

λ
(3)
2 =

{
0, λ

(2)
2 +

1

5
r
(3)
2

}
=

4

5

y
(3)
1 = −r(3)1 + 2(λ

(3)
1 − λ

(2)
1 ) =

2

5

y
(3)
2 = −r(3)2 + 5(λ

(3)
2 − λ

(2)
2 ) = 0

λ(3) =

(
0
4
5

)
, y(3) =

(
2
5

0

)

λ =

⎛
⎜⎜⎜⎝
0
4
5

0

0

⎞
⎟⎟⎟⎠, y =

⎛
⎜⎜⎜⎜⎝

2
5

0
24
5

18
5

⎞
⎟⎟⎟⎟⎠

λ

x(λ) =

⎛
⎝ 12

5

9
5

⎞
⎠

x1 = 12
5 , x2 = 9

5 z = 21
5 x1 =

12
5 , x2 = 9

5 z = 21
5

x = 0, y = −q x′BB−1y =

0, B′x � 0, B−1y � 0 B B

QP2 Q

QP1 A = O, b = 0

λ ∈ Rm
+

ϕ(λ) = q′λ− 1

2
λ′Mλ

λ′BB−1s = 0, B′λ � 0, B−1s � 0

B′λ, B−1s B
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ϕ(λ) B

λ ∈ Rm
+ , θ ∈ R, b ∈ Rm

+
˜
λ = λ− θb

ϕ(
˜
λ) = ϕ(λ) + θb′s− 1

2
θ2b′p

s = Mλ− q, p = Mb
˜
λ ∈ Rm

+

θc =

{
λi

bi
: bi > 0

}
( i c )

θ � θc ϕ(
˜
λ) θu = b′s

b′p ϕ(
˜
λ)

˜
λ ∈ Rm

+

θ = {θu, θc}
λ = 0, s = −q

B = I B, λ, s

B B (B−1)′

B =
(
b1 b2 · · · bm

)
(B−1)′ =

(
b1 b2 · · · bm

)
bi ∈ Rm

+ , bi ∈ Rm B−1B = I (bi)′bj = δij B

F (B) = {i : λ′bi > 0}
R(B) = {i : λ′bi = 0}

F (B) B R(B) B

i ∈ F (B) (bi)′s = 0 i ∈ R(B) (bi)′s � 0

i ∈ F (B) (bi)′s = 0 i ∈ R(B) (bi)′s < 0

i ∈ F (B) (bi)′s �= 0

λ, s x(λ)

λ, s

(bi)′s < 0 i ∈ R(B) (bi)′s �= 0 i ∈ F (B)

i r B br

˜
B

λ, s

˜
λ = λ− θbr

˜
λ ∈ Rm

+ ϕ(
˜
λ) θ

θ = θc
˜
br = ec ec c 1 θ = θu

˜
br = Mbr br

˜
br

˜
B λ, s

˜
λ = λ− θbr

˜
s = s− θMbr
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˜
B

˜
B−1

˜
br =

1

˜
b′rbr

br

˜
bi = bi − (

˜
b′rb

i)
˜
br (i �= r)

R(
˜
B) =

⎧⎪⎨
⎪⎩
R(B) \ {r} ( θ = θu )

R(B) ∪ {r} ( θ = θc )

R(B) ( )

F (
˜
B)

5.1

M =
1

2

⎛
⎜⎜⎝
2 3 1 1

3 5 1 2

1 1 1 0

1 2 0 1

⎞
⎟⎟⎠, q =

⎛
⎜⎜⎝

1

2

−2
−1

⎞
⎟⎟⎠

B = I, λ = 0 R(I) = {1, 2, 3, 4}, F (I) = ∅ s = −q =(
−1 −2 2 1

)′
q −2

r = 2 b2 = e2 b2 = e2
˜
λ = λ− θb2

ϕ(
˜
λ) = −2θ − 5

4
θ2

˜
λ � 0 θc = 0 θu = − 4

5

θ � θc θ = θu

˜
b2 = Mb2 =

(
3
2

5
2

1
2 1

)′

˜
B =

⎛
⎜⎜⎜⎜⎝
1 3

2 0 0

0 5
2 0 0

0 1
2 1 0

0 1 0 1

⎞
⎟⎟⎟⎟⎠,

˜
B−1 =

⎛
⎜⎜⎜⎜⎜⎝

1 − 3
5 0 0

0 5
2 0 0

0 − 1
5 1 0

0 − 2
5 0 1

⎞
⎟⎟⎟⎟⎟⎠

˜
λ =

(
0 4

5 0 0
)′
,

˜
s =

(
1
5 0 12

5
9
5

)′

R(
˜
B) = R(I) \ {2} = {1, 3, 4}, F (

˜
B) = {2}

˜
B,

˜
λ,

˜
s B, λ, s

B−1s =
(

1
5 0 12

5
9
5

)′
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λ

x(λ) =

⎛
⎝ 12

5

9
5

⎞
⎠

x1 = 12
5 , x2 = 9

5 z = 21
5 x1 =

12
5 , x2 = 9

5 z = 21
5

QP1

QP6

Ax = b

x � b̄

x ∈ Rn
+

z = c′x− 1

2
x′Qx

u ∈ Rn
+ x+ u = b̄

(
A O

I I

)(
x
u

)
=

(
b

b̄

)

λ =

(
λ1

λ2

)
∈ Rm+n, μ =

(
μ1

μ2

)
∈ R2n

+

(
Q O

O O

)(
x
u

)
+

(
A′ I

O I

)(
λ1

λ2

)
−

(
μ1

μ2

)
=

(
c

0

)

Qx+A′λ1 + λ2 − μ1 = c

λ2 − μ2 = 0

μ1 μ μ2 μ̄ λ1 λ u x̄

x ∈ Rn
+, x̄ ∈ Rn

+, μ ∈ Rn
+, μ̄ ∈ Rn

+, λ ∈ Rm

Ax = b, x+ x̄ = b̄

Qx+A′λ− μ+ μ̄ = c
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x′μ = 0, x̄′μ̄ = 0

z =
1

2
c′x+

1

2
b′λ+

1

2
b̄′μ̄

v λ = λ+ − λ− (λ+ � 0, λ− � 0)

x μ̄ λ+ λ− b

v A O O O b

x̄ I O O O b̄

μ −Q −I −A′ A′ −c
z − 1

2c
′ − 1

2 b̄
′ − 1

2b
′ 1

2b
′ 0

(x, x̄, v) (μ, μ̄, λ)

x, x̄, μ, μ̄

x+ x̄ = b̄

μ+ μ̄ = −1

2
b̄

x, x̄ μ, μ̄

x̄, μ̄

x, x̄

x x̄

x x = b̄ x̄ x̄ x̄ = b̄ x

x x < b̄ x̄

μ, μ̄

μ μ̄

μ μ = − 1
2 b̄ μ̄ μ̄ μ̄ = − 1

2 b̄

μ

μ μ < − 1
2 b̄ μ̄
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x1 + x2 � 4

x1 + 2x2 � 6

x1 � 0, 0 � x2 � 3

2

z = 4x1 + 2x2 − x2
1 − x2

2

−x1 − x2 + s1 = −4
−x1 − 2x2 + s2 = −6
x2 + x̄2 =

3

2
2x1 + λ1 + λ2 + μ1 − μ̄1 = −4
2x2 + λ1 + 2λ2 + μ2 − μ̄2 = −2
x1μ1 = 0, x2μ2 = 0, x̄2μ̄2 = 0

z = 2x1 + x2 − 2λ1 − 3λ2 +
3

4
μ̄2

x̄, μ̄

x1 x2 λ1 λ2 b

s1 −1 −1 0 0 −4
s2 −1 −2 0 0 −6
μ1 −2 0 1 1 −4
μ2 0 −2 1 2 −2
z −2 −1 2 3 0

μ1 μ1 x1

b÷ μ1 x1 μ1 x1

μ1 x2 λ1 λ2 b

s1 − 1
2 −1 − 1

2 − 1
2 −2

s2 − 1
2 −2 − 1

2 − 1
2 −4

x1 − 1
2 0 − 1

2 − 1
2 2

μ2 0 −2 1 2 −2
z −1 −1 1 2 4
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μ2 μ2 x2

b ÷ μ2 1 x2
3
2 μ2 x2

μ1 μ2 λ1 λ2 b

s1 − 1
2 − 1

2 −1 − 3
2 −1

s2 − 1
2 −1 − 1

2 − 5
2 −2

x1 − 1
2 0 − 1

2 − 1
2 2

x2 − 1
2 − 1

2 −1 −1 1

z −1 − 1
2

1
2 1 5

s2 s2 λ2

b÷ λ2 s2 s2 λ2

x2 = 1 < 3
2 x̄2

x̄2 x2 x̄2

x2 x̄2

μ1 μ2 λ1 λ2 b

s1 − 1
2 − 1

2 −1 − 3
2 −1

s2 − 1
2 −1 − 1

2 − 5
2 −2

x1 − 1
2 0 − 1

2 − 1
2 2

x̄2
1
2

1
2 1 1 1

2

z −1 − 1
2

1
2 1 5

b÷ λ2 x̄2 x̄2 λ2

μ1 μ2 λ1 x̄2 b

s1 − 1
2

1
4 − 1

4
3
2 − 1

4

s2 − 1
2

1
4 − 1

4
5
2 − 3

4

x1 − 1
2

1
4 − 1

4
1
2

9
4

λ2 0 1
2

1
2 1 1

2

z −1 −1 0 −1 9
2

s2

μ2 = −1 < − 3
4

μ̄2 μ2 μ̄2
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μ1 μ̄2 λ1 x̄2 b

s1 − 1
2 − 1

4 − 1
4

3
2 − 1

4

s2 − 1
2 − 1

4 − 1
4

5
2 − 3

4

x1 − 1
2 − 1

4 − 1
4

1
2

9
4

λ2 0 − 1
2

1
2 1 1

2

z −1 1
4 0 −1 9

2

μ̄2 b÷ μ̄2 s2 μ̄2

μ1 s2 λ1 x̄2 b

s1 0 −1 −1 −1 1
2

μ̄2 2 −4 −3 −10 3

x1 0 −1 −1 −2 3

λ2 1 −2 −1 −4 2

z − 3
2 1 3

4
3
2

15
4

x1 = 3, x̄2 = 0 z = 15
4 x2 + x̄2 = 3

2 x1 = 3, x2 = 3
2

z = 15
4
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